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Bl Bayes' Rule and Its Validity

Bayes formula: p(f|z) =

before
the fact

p(0)

prior
probability

p(z|0)p(6)
p(z)
P(ﬁf") after
: the fact
observations
(evidence)
3> p(0|)
update
our belief posterior
p(g; ‘Q) probability

Our purpose is to learn the posterior
probability and likelihood

Cromwell’s Rule

"I beseech you,
in the bowels of Christ,
think it possible that you may be mistaken.”

I think the moon might be made of cheese

Bernstein-von Mises Theorem

For some case,when n is enough large:

1P{)1, - v i) N By LB Dl — =10

They are the starting point and the end
point of Bayesian inference

https://en.wikipedia.org/wiki/Bayesian_statistics




B Tweedie's Formula and Evidence Lower Bound

From x to estimate parameters by MSE Variational Bayesian inference
I — E[(é(x) . 9)2] ELBO is a good Loss Function
from the assumption logp(x) = qug(z]:c)logp(m)dz
p(z|0) = N(0,07) _ [ 2@ | o PEIZ)
o Eq¢(z|m) 1 q¢(2|m)_ Eqaﬁ(zlx) ! gQ¢(Z|ﬂ3)
p(z) = / p(z|0)p(0)dé ~ Eqom | Ios 220 |+ Dca(aslz o) o(ele)
. . = By, (210 [logpo(®|2)] — Dirlgs(z(2) || p(2)) + Dr(gs(z|2)|p(2|z))
Tweedie‘s Estimator ——— B e s 93
5
Ef|z] =%+ o0 Elogp{:c) log p(x) is alike energy function

in statistical physics
A d and related to score-based or enerqy-based models
0" =z + azd—logp(x) &
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https://en.wikipedia.org/wiki/Bayesian_statistics
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B Framework of Diffusion Models
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Diffusion

Movement of particles from high to
low concentration

Forward and Reverse Diffusion

Dye ° .

Molecules o8 !""' oy 5
: :c%" i p(xolx

Water 2 000 :;’. E.;‘;g: p( U‘ 1)

Molecules (@88 aeesassss? B b $6S

Movement to

o
Diffused evenly
low concentration bri

(Equilibr

High

Diffusion

q(xs)

q(xi1|xe, wo)  qla]ai, xo)

plxe|riir)

e

q(x,

p(xi_1|xy)

(j(.??g+] |.‘1?£)

-’?l‘z—l)

Calvin Luo., arXiv:2208.11970 (2022)




B Forward Process

Forward Process Adds Noise to Images

Perturbation of every time step q(x1.r|x0) = [ [ alxelxi-1)
using reparameterization o oz = N(xﬁ/l——ﬁtxt_l 5,1)
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Perturbation from the original

Image by recursion dEEEN>~ENRNNNrFEENTTE
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Converting from images to Gaussian noise

Abbeel, P et al., NeurIPS, 33, 6084 (2020)



B Reverse Process

Reverse Process Denoises the Gaussian Noise

Generating new images from Gaussian noise
by predicting the reverse samples in every time step

B q(mt|mt_1, mg)q(mt_l |a:0) g(xi1|x, x0)  qlag|aia, xo)
q(®t1|xs, ®0) =
q(xt|x0)
(Iu\m) pre1lxy) p(xe| i) p(r 1\11
R V(1 - C_Vt—l)wlt + v ar-1(1 — )z | (1- at)(l_* ai-1) I
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We need to match the ¥ B

posterior probability
and predicted probability

Abbeel, P et al., NeurIPS, 33, 6084 (2020)
Calvin Luo., arXiv:2208.11970 (2022) 9




Il Evidence Lower Bound (ELBO)

The formula of ELBO ELBO can be written as three terms:
= x|z [logpg(a:0|a:1)]
p(xo.r)q(®1:7|20) g(x1]xo)
]_ — ]_ d . b hd -~
OER{E) og/ q(x1.7|20) SHED £ 1y
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The model is trained
The first two terms are determined by forward

by maximizing ELBO
process.

So we need to 7; 'Z; tger learn about So we only need to optimize the last term.

Calvin Luo., arXiv:2208.11970 (2022) 10



Bl Several Equivalent Optimization Function

For KL divergence of Gaussian distribution Predict samples by neural networks
Diu(N (@5 bz, ) [N (55 1y, 5y)) gt — LS ST YR 1~ el
? s & 7 b - o 1 . &t
1 3
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Predict noise by neural networks

. 1 2
argmin — || o — paq|: 1 l-a
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So we get the first optimization function
. 1 1 —o)® )
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Calvin Luo., arXiv:2208.11970 (2022) 11



Bl Several Equivalent Optimization Function

Tweedie‘s Estimator Relation between noise and score function

d 1
= 2_log Ve logp(x:) = ——
E[f]z] =« + 0" ——logp(z) () T

€0

E = 1—a;)V,,1 . !
ez, |2t] = 24 + (1 — &)V, log p(x,) The score function measures how the data is

sty b 41—, i) move to maximize, it clear that the opposite
tt() — Lt L x; i . . . .
direction is noisy and as can be seen from
z; + (1 — a;) Vg, logp(z:) the above formula.
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Calvin Luo., arXiv:2208.11970 (2022) 12
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B Energy-based Models

Why the last formula can lead to
energy-based model

Langevin dynamics

1 — i
po(x) = —e fo(=)
29
1
V. logpo() = Vo log(_—e %))
1
= V.log— + V.log e fo(@)
Z0
= —V.fo(x)
~ 89(33)

Eyis) | ls0(2) - Viogp(e)[3]

We can further see the relationship between the
diffusion models and statistical physics.

x; 1 =x; +cVlogp(x;) + V2ce
The score function represents a move on the manifold

Noise protection against local optimality
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Calvin Luo., arXiv:2208.11970 (2022)
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B Guidance

Classifier Guidance

Classifier-Free Guidance

Vlogp(azt|y) — Vlog (p(mtz)f();:)ﬂﬂit) )

S\ V4 logp(mt) +V logp(y|ﬂ3t) -V logp(y)
= Vlogp(:) + Vlogp(ylx:)
R~J‘}7€?ﬁ‘}}_{{

KAk
Vlog p(z:|y) = Vlog p(x;) + vV log p(y|x;)
Classifer guidance need to train two

different diffusion models

So training is very expensive.

Vlogp(y|zt) = V log p(zi|y) — V log p(x+)

Vlogp(x:|ly) = Vog p(x;) + v(Vlog p(x:|y) — V logp(x:))
= 7Vlogp(z:|y) + (1 — v)Vlog p(x:)
fﬁf;?%’}}

)ﬁfﬁ?;?%é}
Classifer-Free guidance can train the diffusion
models with guidance with more convenience.

We can get the output of diffusion models with

more requirements.

Abbeel, P et al., NeurIPS, 33, 6084 (2020)

15



B Outline

¢01 Core Concept of Bayesian Statistics
¢02 A Unified Persperctive of Diffusion Models
¢03 Energy-based Models and Guidance

¢ (04 Stochastic Process and Diffusion Models

16



Bl Stochastic Differential Equations

Real diffusion process can be describe by stochastic differential equations(SDE)
and Anderson prove the forward SDE have a reverse formula.

So SDE might be useful in generative diffusion models.
Data Forward SDE Prior Reverse SDE Data

z(0) dz = f(=z,t)dt + g(t)dw )@— dz = [f(z,t) — g°(t)V, logp(z)] dt + g(t)dw

https://yang-song.net/blog/2021/score/ 17



B From SDE to DDPM

It is easy to show that DDPM can be
seen as a special case of SDE.

z(t+ At) = \/1 — B(t + At)Ata(t) + \/B(t + At)Ate(t)

B(t + At)At
2

dee(t) ~ wdt + ./ B(t)Vdte(t)

da: = @dt + 4/B(t)dw

SDE provides a lot of convenience for design
and give an understanding of diffusion model of
stochastic thermodynamics

2(t+ At) ~ [1— z(t) + \/5(t + At)Ate(t)

—— Reverse stochastic process

Song, Y et al.,ICLR, 2020 18
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Thanks for listening

Fancheng Li (Z=FL5R)



